Introduction and preliminaries {#Sec1}
==============================
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A Banach space *E* is said to be strictly convex \[[@CR1]\] if for $\documentclass[12pt]{minimal}
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The above inequality is equivalent to the following: $$\documentclass[12pt]{minimal}
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If *E* is uniformly convex, then it is strictly convex.
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                \begin{document}$\rho_{E}:[0, + \infty ) \to [0, + \infty )$\end{document}$ is called the modulus of smoothness of *E* \[[@CR2]\] if it is defined as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \rho_{E}(t) = \sup \biggl\{ \frac{1}{2} \bigl(\Vert x + y \Vert + \Vert x - y \Vert \bigr) - 1:x,y \in E, \Vert x \Vert = 1, \Vert y \Vert \le t \biggr\} . $$\end{document}$$

A Banach space *E* is said to be uniformly smooth \[[@CR2]\] if $\documentclass[12pt]{minimal}
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The Banach space *E* is uniformly smooth if and only if $\documentclass[12pt]{minimal}
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We say *E* has Property (H) if for every sequence $\documentclass[12pt]{minimal}
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If *E* is uniformly convex and uniformly smooth, then *E* has Property (H).
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                \begin{document}$$ J(x) = \bigl\{ f \in E^{*}: \langle x,f \rangle = \Vert x \Vert ^{2} = \Vert f \Vert ^{2} \bigr\} ,\quad \forall x \in E. $$\end{document}$$
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                \begin{document}$J:E \to 2^{E^{*}}$\end{document}$ is called the normalized duality mapping \[[@CR1]\]. Now, we list some elementary properties of *J*.

Lemma 1.1 {#FPar1}
---------

(\[[@CR1], [@CR2]\])
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For a nonlinear mapping *U*, we use $\documentclass[12pt]{minimal}
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Definition 1.2 {#FPar2}
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Definition 1.3 {#FPar3}
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Remark 1.5 {#FPar5}
----------

It is easy to see that strongly relatively non-expansive mappings are weakly relatively non-expansive mappings. However, an example in \[[@CR6]\] shows that a weakly relatively non-expansive mapping is not a strongly relatively non-expansive mapping.

Lemma 1.6 {#FPar6}
---------
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Definition 1.8 {#FPar8}
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Maximal monotone mappings and weakly or strongly relatively non-expansive mappings are different types of important nonlinear mappings due to their practical background. Much work has been done in designing iterative algorithms either to approximate a null point of maximal monotone mappings or a fixed point of weakly or strongly relatively non-expansive mappings, see \[[@CR5]--[@CR10]\] and the references therein. It is a natural idea to construct iterative algorithms to approximate common solutions of a null point of maximal monotone mappings and a fixed point of weakly or strongly relatively non-expansive mappings, which can be seen in \[[@CR11]--[@CR15]\] and the references therein. Now, we list some closely related work.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Inspired by the previous work, in Sect. [2.1](#Sec3){ref-type="sec"}, we shall construct some new iterative algorithms to approximate the common element of the sets of null points of countable maximal monotone mappings and the sets of fixed points of countable weakly relatively non-expansive mappings. New proof techniques can be found, restrictions are mild, and error is considered. In Sect. [2.2](#Sec4){ref-type="sec"}, an example is listed and a specific iterative formula is proved. Computational experiments which show the effectiveness of the new abstract iterative algorithms are conducted. In Sect. [2.3](#Sec5){ref-type="sec"}, an application to the minimization problem is demonstrated.

The following preliminaries are also needed in our paper.

Definition 1.9 {#FPar9}
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Lemma 1.11 {#FPar11}
----------
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Lemma 1.13 {#FPar13}
----------
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Strong convergence theorems and experiments {#Sec2}
===========================================

Strong convergence for infinite maximal monotone mappings and infinite weakly relatively non-expansive mappings {#Sec3}
---------------------------------------------------------------------------------------------------------------
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### Algorithm 2.1 {#FPar14}
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### Theorem 2.1 {#FPar15}

*If*, *in Algorithm *[2.1](#FPar14){ref-type="sec"}, $\documentclass[12pt]{minimal}
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### Proof {#FPar16}
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This completes the proof. □

### Theorem 2.2 {#FPar17}
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### Proof {#FPar18}

We split the proof into eight steps.
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### Algorithm 2.2 {#FPar20}
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### Proof {#FPar22}

Similar to Theorem [2.1](#FPar15){ref-type="sec"}, the result follows. □

### Theorem 2.5 {#FPar23}
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### Proof {#FPar24}

Copy Steps 1, 3, 4, 5, and 6 in Theorem [2.2](#FPar17){ref-type="sec"} and make slight changes in the following steps.
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This completes the proof. □

### Corollary 2.6 {#FPar25}
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### Remark 2.7 {#FPar26}

Compared to the existing related work, e.g., \[[@CR12]--[@CR14]\], strongly relatively non-expansive mappings are extended to weakly relatively non-expansive mappings. Moreover, in our paper, the discussion on this topic is extended to the case of infinite maximal monotone mappings and infinite weakly relatively non-expansive mappings.

### Remark 2.8 {#FPar27}

Calculating the generalized projection $\documentclass[12pt]{minimal}
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### Remark 2.9 {#FPar28}

A new proof technique for finding the limit $\documentclass[12pt]{minimal}
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### Remark 2.10 {#FPar29}

Theoretically, the projection is easier for calculating than the generalized projection in a general Banach space since the generalized projection involves a Lyapunov functional. In this sense, iterative algorithms constructed in our paper are new and more efficient.

Special cases in Hilbert spaces and computational experiments {#Sec4}
-------------------------------------------------------------

### Corollary 2.11 {#FPar30}

*If* *E* *reduces to a Hilbert space H*, *then iterative Algorithm *[2.1](#FPar14){ref-type="sec"} *becomes the following one*: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \textstyle\begin{cases} u_{1} \in H,\quad \varepsilon_{1} \in H, \\ v_{n,i} = (I + s_{n,i}T_{i})^{ - 1}(u_{n} + \varepsilon_{n}), \\ w_{n,i} = \alpha_{n}u_{n} + (1 - \alpha_{n})S_{i}v_{n,i}, \\ V_{1} = W_{1} = H, \\ V_{n + 1,i} = \{ z \in H: \langle v_{n,i} - z,u_{n} + \varepsilon _{n} - v_{n,i} \rangle \ge 0\}, \\ V_{n + 1} = (\bigcap_{i = 1}^{\infty } V_{n + 1,i} ) \cap V_{n}, \\ W_{n + 1,i} = \{ z \in V_{n + 1,i}:\Vert z - w_{n,i} \Vert ^{2}\le \alpha_{n}\Vert z - u_{n} \Vert ^{2} + (1 - \alpha_{n})\Vert z - v_{n,i} \Vert ^{2}\}, \\ W_{n + 1} = (\bigcap_{i = 1}^{\infty } W_{n + 1,i} ) \cap W_{n}, \\ U_{n + 1} = \{ z \in W_{n + 1}:\Vert u_{1} - z \Vert ^{2} \le \Vert P_{W_{n + 1}}(u_{1}) - u_{1} \Vert ^{2} + \tau_{n + 1}\}, \\ u_{n + 1} \in U_{n + 1},\quad n \in N. \end{cases}\displaystyle \end{aligned}$$ \end{document}$$

The results of Theorems [2.1](#FPar15){ref-type="sec"} and [2.2](#FPar17){ref-type="sec"} are true for this special case.

### Corollary 2.12 {#FPar31}

*If* *E* *reduces to a Hilbert space H*, *then iterative Algorithm *[2.2](#FPar20){ref-type="sec"} *becomes the following one*: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} u_{1} \in H,\quad \varepsilon _{1} \in H, \\ v_{n,i} = (I + s_{n,i}T_{i})^{ - 1}(u_{n} + \varepsilon_{n}), \\ w_{n,i} = \alpha_{n}u_{1} + (1 - \alpha_{n})S_{i}v_{n,i}, \\ V_{1} = W_{1} = H, \\ V_{n + 1,i} = \{ z \in H: \langle v_{n,i} - z,u_{n} + \varepsilon_{n} - v_{n,i} \rangle \ge 0\}, \\ V_{n + 1} = (\bigcap_{i = 1}^{\infty } V_{n + 1,i} ) \cap V_{n},\\ W_{n + 1,i} = \{ z \in V_{n + 1,i}:\Vert z - w_{n,i} \Vert ^{2} \le \alpha_{n}\Vert z - u_{1} \Vert ^{2} + (1 - \alpha_{n})\Vert z - v_{n,i} \Vert ^{2}\}, \\ W_{n + 1} = (\bigcap_{i = 1}^{\infty } W_{n + 1,i} ) \cap W_{n}, \\ U_{n + 1} = \{ z \in W_{n + 1}:\Vert u_{1} - z \Vert ^{2} \le \Vert P_{W_{n + 1}}(u_{1}) - u_{1} \Vert ^{2} + \tau_{n + 1}\}, \\ u_{n + 1} \in U_{n + 1},\quad n \in N. \end{cases} $$\end{document}$$

The results of Theorems [2.4](#FPar21){ref-type="sec"} and [2.5](#FPar23){ref-type="sec"} are true for this special case.

### Corollary 2.13 {#FPar32}

*If*, *further* $\documentclass[12pt]{minimal}
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                \begin{document}$i \equiv 1$\end{document}$, *then* ([2.1](#Equ7){ref-type=""}) *and* ([2.2](#Equ8){ref-type=""}) *reduce to the following two cases*: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} u_{1} \in H,\quad \varepsilon _{1} \in H, \\ v_{n} = (I + s_{n}T)^{ - 1}(u_{n} + \varepsilon_{n}), \\ w_{n} = \alpha_{n}u_{n} + (1 - \alpha_{n})Sv_{n}, \\ V_{1} = W_{1} = H, \\ V_{n + 1} = \{ z \in H: \langle v_{n} - z,u_{n} + \varepsilon_{n} - v_{n} \rangle \ge 0\} \cap V_{n}, \\ W_{n + 1} = \{ z \in V_{n + 1}:\Vert z - w_{n} \Vert ^{2} \le \alpha_{n}\Vert z - u_{n} \Vert ^{2} + (1 - \alpha_{n})\Vert z - u_{n} \Vert ^{2}\} \cap W_{n}, \\ U_{n + 1} = \{ z \in W_{n + 1}:\Vert u_{1} - z \Vert ^{2} \le \Vert P_{W_{n + 1}}(u_{1}) - u_{1} \Vert ^{2} + \tau_{n + 1}\}, \\ u_{n + 1} \in U_{n + 1},\quad n \in N, \end{cases} $$\end{document}$$ *and* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} u_{1} \in H,\quad \varepsilon _{1} \in H, \\ v_{n} = (I + s_{n}T)^{ - 1}(u_{n} + \varepsilon_{n}), \\ w_{n} = \alpha_{n}u_{1} + (1 - \alpha_{n})Sv_{n}, \\ V_{1} = W_{1} = H, \\ V_{n + 1} = \{ z \in H: \langle v_{n} - z,u_{n} + \varepsilon_{n} - v_{n} \rangle \ge 0\} \cap V_{n}, \\ W_{n + 1} = \{ z \in V_{n + 1}:\Vert z - w_{n} \Vert ^{2} \le \alpha_{n}\Vert z - u_{1} \Vert ^{2} + (1 - \alpha_{n})\Vert z - u_{n} \Vert ^{2}\} \cap W_{n}, \\ U_{n + 1} = \{ z \in W_{n + 1}:\Vert u_{1} - z \Vert ^{2} \le \Vert P_{W_{n + 1}}(u_{1}) - u_{1} \Vert ^{2} + \tau_{n + 1}\}, \\ u_{n + 1} \in U_{n + 1},\quad n \in N. \end{cases} $$\end{document}$$

The results of Corollaries [2.3](#FPar19){ref-type="sec"} and [2.6](#FPar25){ref-type="sec"} are true for the special cases, respectively.

### Remark 2.14 {#FPar33}
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### Remark 2.15 {#FPar34}

Taking the example in Remark [2.14](#FPar33){ref-type="sec"} and choosing the initial value $\documentclass[12pt]{minimal}
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### Proof {#FPar35}

We can easily see from iterative algorithm ([2.3](#Equ9){ref-type=""}) that $$\documentclass[12pt]{minimal}
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To analyze the construction of set $\documentclass[12pt]{minimal}
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                \begin{document}$\vert z - w_{n} \vert ^{2} \le \alpha_{n}\vert z - u_{n} \vert ^{2} + (1 - \alpha_{n})\vert z - v_{n} \vert ^{2}$\end{document}$ is equivalent to $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl[2\alpha_{n}u_{n} + 2(1 - \alpha_{n})v_{n} - 2w_{n} \bigr]z \le \alpha_{n}u _{{n}}^{2} + (1 - \alpha_{n})v_{n}^{2} - w_{n}^{2}. $$\end{document}$$

In view of ([2.7](#Equ13){ref-type=""}), compute the left-hand side of ([2.8](#Equ14){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl[2\alpha_{n}u_{n} + 2(1 - \alpha_{n})v_{n}- 2w_{n} \bigr]z \\ &\quad = \bigl[2\alpha_{n}u _{n} + 2(1 - \alpha_{n})v_{n} - 2\alpha_{n}u_{n} - 2(1 - \alpha_{n})v _{n} \bigr]z \\ &\quad \equiv 0\quad \mbox{for }n \in N. \end{aligned}$$ \end{document}$$

Meanwhile, compute the right-hand side of ([2.8](#Equ14){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\alpha_{n}u_{{n}}^{2} + (1 - \alpha_{n})v_{n}^{2} - w_{n}^{2} \\ &\quad = \alpha_{n}u_{{n}}^{2} + (1 - \alpha_{n})v_{n}^{2} - \alpha_{n}^{2}u _{n}^{2} - 2\alpha_{n}(1 - \alpha_{n})u_{n}v_{n} - (1 - \alpha_{n})^{2}v _{n}^{2} \\ &\quad = \alpha_{n}(1 - \alpha_{n})u_{n}^{2} + \alpha_{n}(1 - \alpha_{n})v _{n}^{2} - 2\alpha_{n}(1 - \alpha_{n})u_{n}v_{n} \\ &\quad = \alpha_{n}(1 - \alpha_{n}) (u_{n} - v_{n})^{2}\quad \mbox{for } n \in N. \end{aligned}$$ \end{document}$$

Using ([2.8](#Equ14){ref-type=""})--([2.10](#Equ16){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ W_{n + 1} = V_{n + 1} \cap W_{n}\quad \mbox{for } n \in N. $$\end{document}$$

Next, we shall use inductive method to show that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \textstyle\begin{cases} 0 < v_{n + 1} < v_{n} < 1, \\ v_{n} > \frac{1}{2^{n + 1}(n + 1)}, \\ V_{n + 1} = ( - \infty,v_{n}], \\ W_{n + 1} = V_{n + 1}, \\ U_{n + 1} = [u_{1} - \sqrt{(u_{1} - v_{n})^{2} + \tau_{n + 1}},v _{n}], \\ \textrm{we may choose } u_{n + 1} = \frac{u_{1} + v _{n} - \sqrt{(u_{1} - v_{n})^{2} + \tau_{n + 1}}}{2}\quad \mbox{for } n\in N. \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ In fact, if $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} U_{2} &= \bigl\{ z \in W_{2}:\vert u_{1} - z\vert \le \sqrt{ \bigl\vert P_{W _{2}}(u_{1}) - u_{1} \bigr\vert ^{2} + \tau_{2}} \bigr\} \\ &= \biggl[1 - \sqrt{\frac{1}{9} + \frac{1}{2}}, 1 + \sqrt{ \frac{1}{9} + \frac{1}{2}} \biggr] \cap \biggl( - \infty,\frac{2}{3} \biggr] \\ &= \biggl[1 - \sqrt{\frac{1}{9} + \frac{1}{2}}, \frac{2}{3} \biggr] \\ &= \bigl[u_{1} - \sqrt{(u_{1} - v_{1})^{2} + \tau_{2}},v_{1} \bigr]. \end{aligned}$$ \end{document}$$
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From ([2.6](#Equ12){ref-type=""}), $\documentclass[12pt]{minimal}
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Suppose ([2.12](#Equ18){ref-type=""}) is true for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \textstyle\begin{cases} 0 < v_{k + 1} < v_{k} < 1, \\ v_{k} > \frac{1}{2^{k + 1}(k + 1)}, \\ V_{k + 1} = ( - \infty,v_{k}], \\ W_{k + 1} = V_{k + 1}, \\ U_{k + 1} = [u_{1} - \sqrt{(u_{1} - v_{k})^{2} + \tau_{k + 1}},v _{k}], \\ \mbox{we may choose } u_{k + 1} = \frac{u_{1} + v_{k} - \sqrt{(u_{1} - v_{k})^{2} + \tau_{k + 1}}}{2}. \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ Then, for $\documentclass[12pt]{minimal}
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                \begin{document}$\vert u_{1} - z \vert \le \sqrt{ \vert P_{W_{k + 2}}(u _{1}) - u_{1} \vert ^{2} + \tau_{k + 2}}$\end{document}$ is equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$u_{1} - \sqrt{(u_{1} - v_{k + 1})^{2} + \tau_{k + 2}} \le z \le u _{1} + \sqrt{(u_{1} - v_{k + 1})^{2} + \tau_{k + 2}}$\end{document}$.
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \begin{document}$u_{1} - \sqrt{(u_{1} - v_{k + 1})^{2} + \tau_{k + 2}} < u_{1} - (u_{1} - v_{k + 1}) = v_{k + 1}$\end{document}$.

Thus $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$U_{k + 2} = [u_{1} - \sqrt{(u_{1} - v_{k + 1})^{2} + \tau_{k + 2}},v_{k + 1}]$\end{document}$. Then we may choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$ u_{k + 2} = \frac{u_{1} + v_{k + 1} - \sqrt{(u_{1} - v_{k + 1})^{2} + \tau_{k + 2}}}{2}. $$\end{document}$$
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                \begin{document}$v_{k + 2} > 0$\end{document}$.
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                \begin{document} $$\begin{aligned} v_{k + 2} &= \frac{u_{k + 2} + \varepsilon_{k + 2}}{1 +2s_{k + 2}} \\ &= \frac{\frac{u_{1} + v_{k + 1} - \sqrt{(u_{1} - v_{k + 1})^{2} +\tau_{k + 2}}}{2} +\frac{1}{k + 2}}{1+2^{k+2}} \\ &= \frac{1}{(k + 2)(1 + 2^{k + 2})} + \frac{1 + v_{k + 1} - \sqrt{(u _{1} - v_{k + 1})^{2} + \frac{1}{k + 2}}}{2(1 + 2^{k + 2})}, \end{aligned}$$ \end{document}$$ then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} v_{k + 2} > 0 &\quad \Leftrightarrow \quad \frac{1}{k + 2} + \frac{1 + v_{k + 1}}{2} > \frac{\sqrt{(1 - v_{k + 1})^{2} + \frac{1}{k + 2}}}{2} \\ &\quad \Leftrightarrow \quad \frac{1}{(k + 2)^{2}} + \frac{1}{k + 2} + \frac{v_{k + 1}}{k + 2} + v_{k + 1} > \frac{1}{4(k + 2)}, \end{aligned}$$ \end{document}$$ which is obviously true. Thus $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{k + 2} > 0$\end{document}$.

Next, we show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{k + 1} > \frac{1}{2^{k + 2}(k + 2)}$\end{document}$.

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{k + 1} = \frac{u_{k + 1} + \varepsilon_{k + 1}}{1 + 2s_{k + 1}} = \frac{(k + 1)u_{k + 1}}{(k + 1)(1 + 2^{k + 1})} + \frac{1}{(k + 1)(1 + 2^{k + 1})}$\end{document}$, then $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned}[b] &v_{k + 1} > \frac{1}{2^{k + 2}(k + 2)} \\ &\quad \Leftrightarrow\quad (k + 1)u_{k + 1} + 1 > \frac{(k + 1)(1 + 2^{k + 1})}{2^{k + 2}(k + 2)} \\ &\quad \Leftrightarrow\quad (k + 1)\frac{1 + v_{k} - \sqrt{(1 - v_{k})^{2} + \frac{1}{k + 1}}}{2} > \frac{k + 1 - k2^{k + 1} - 3\cdot 2^{k + 1}}{2^{k + 2}(k + 2)} \\ &\quad \Leftrightarrow\quad (1 + v_{k}) + \frac{3 + k}{(k + 1)(k + 2)} - \frac{1}{2^{k + 1}(k + 2)} > \sqrt{(1 - v_{k})^{2} + \frac{1}{k + 1}} \\ &\quad \Leftrightarrow \quad \biggl[\frac{3 + k}{(k + 1)(k + 2)} - \frac{1}{2^{k + 1}(k + 2)} \biggr]^{2} + 4v_{k} + 2v_{k}\biggl[ \frac{3 + k}{(k + 1)(k + 2)} - \frac{1}{2^{k + 1}(k + 2)}\biggr] \\ &\qquad \quad \quad {}+ 2\biggl[\frac{3 + k}{(k + 1)(k + 2)} - \frac{1}{2^{k + 1}(k + 2)}\biggr] > \frac{1}{k}. \end{aligned} \end{aligned}$$ \end{document}$$ Note that $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ 2 \biggl[\frac{3 + k}{(k + 1)(k + 2)} - \frac{1}{2^{k + 1}(k + 2)} \biggr] - \frac{1}{k+1} = \frac{k2^{k + 1} + 2^{k + 3} - 2k - 2}{2^{k + 1}(k + 1)(k + 2)} > 0, $$\end{document}$$ then ([2.13](#Equ19){ref-type=""}) is true, which implies that $\documentclass[12pt]{minimal}
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                \begin{document}$v_{k + 1} > \frac{1}{2^{k + 2}(k + 2)}$\end{document}$.
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                \begin{document}$v_{k + 2} < \frac{v _{k + 1} + \frac{1}{k + 2}}{1 + 2^{k + 2}}$\end{document}$. Since $\documentclass[12pt]{minimal}
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                \begin{document}$a = \lim_{n \to \infty } v_{n}$\end{document}$. From ([2.12](#Equ18){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n \to \infty } u_{n} = a$\end{document}$ and from ([2.6](#Equ12){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a = 0$\end{document}$. Then in view of ([2.7](#Equ13){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n \to \infty } w_{n} = 0$\end{document}$. That is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n \to \infty } w_{n} = \lim_{n\to\infty } v_{n} = \lim_{n \to \infty } u_{n} = 0$\end{document}$.

This completes the proof. □

### Remark 2.16 {#FPar36}

We next do a computational experiment on ([2.5](#Equ11){ref-type=""}) in Remark [2.15](#FPar34){ref-type="sec"} to check the effectiveness of iterative algorithm ([2.3](#Equ9){ref-type=""}). By using the codes of Visual Basic Six, we get Table [1](#Tab1){ref-type="table"} and Fig. [1](#Fig1){ref-type="fig"}, from which we can see the convergence of $\documentclass[12pt]{minimal}
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### Remark 2.17 {#FPar37}

Similar to Remark [2.15](#FPar34){ref-type="sec"}, considering the same example in Remark [2.14](#FPar33){ref-type="sec"} and choosing the initial value $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \textstyle\begin{cases} u_{1} = 1 \in ( - \infty, + \infty ), \\ u_{n + 1} = \frac{u_{1} + v_{n} - \sqrt{(u_{1} - v_{n})^{2} + \tau_{n + 1}}}{2},\quad n \in N, \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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### Remark 2.18 {#FPar38}

We do a computational experiment on ([2.14](#Equ20){ref-type=""}) in Remark [2.17](#FPar37){ref-type="sec"} to check the effectiveness of iterative algorithm ([2.4](#Equ10){ref-type=""}). By using the codes of Visual Basic Six, we get Table [2](#Tab2){ref-type="table"} and Fig. [2](#Fig2){ref-type="fig"}, from which we can see the convergence of $\documentclass[12pt]{minimal}
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Applications to minimization problems {#Sec5}
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### Proof {#FPar40}
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This completes the proof. □

### Theorem 2.20 {#FPar41}

*We only do the following changes in Theorem *[2.19](#FPar39){ref-type="sec"}: $\documentclass[12pt]{minimal}
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**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Supported by the National Natural Science Foundation of China (11071053), Natural Science Foundation of Hebei Province (A2014207010), Key Project of Science and Research of Hebei Educational Department (ZD2016024), Key Project of Science and Research of Hebei University of Economics and Business (2016KYZ07), Youth Project of Science and Research of Hebei University of Economics and Business (2017KYQ09) and Youth Project of Science and Research of Hebei Educational Department (QN2017328).

All authors contributed equally to the manuscript. All authors read and approved the final manuscript.

Competing interests {#FPar42}
===================

The authors declare that they have no competing interests.
